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We reformulate the M1 model of the radiative transfer, i.e. the moment equations up to
the first order, for clarifying the physical and mathematical properties. The M1 model is
proved to be equivalent to the hydrodynamic equations of ultra relativistic particles. We
show two forms: one expressed with the classical Newtonian velocity and the other
expressed with the relativistic four velocity. We use the enthalpy density, i.e. the sum of
the energy density and the isotropic component of the pressure, instead of the energy
density in both forms. The former serves to show us that the ratio of the flux to the
enthalpy density denotes the bulk velocity of the radiation in the M1 model. The latter
serves us to propose a Lorentz invariant form useful for taking account of the
Doppler shift.
& 2014 The Authors. Published by Elsevier Ltd. This is an open access article under the CC
BY-NC-SA license (http://creativecommons.org/licenses/by-nc-sa/3.0/).1. Introduction
Radiative transfer is ubiquitous in many scientific fields
and therefore a lot of efforts have been dedicated to
solving the transfer equation. However, in its original form,
the transfer equation depends on 7 independent variables
(three for space, one for time, one for the photon fre-
quency and two for their direction of propagation). Due to
this large number of degree of freedom, solving the
transfer equation in 3D is extremely demanding in terms
of computing power and it will be out of reach for
radiation-hydrodynamics simulation for the foreseeing
future. For this reason, many authors have proposed
approximation to the full transfer equation. Many of them
consist in taking successive moment of the radiative
transfer equation in order to eliminate the angular degrees
of freedom [1–3, and references therein]. Using thiser Ltd. This is an open acce
.
nce, Chiba University,
anawa),procedure considerably simplify the transfer equation,
but requires a closure relation expressing the moment of
highest order in terms of moments of lower order to close
the system.
The simplest of these moment models is the well
known diffusion approximation where only the equation
on the 0th moment (i.e. radiative energy) is conserved. The
closure relation is obtained by assuming that the photon
distribution function (or the pressure tensor) is isotropic.
This diffusion approximation is exact in the limit of
optically thick media and is rather a strong approximation
in other situations. The main drawback of the diffusion
approximation is that the radiative flux is always aligned
with temperature gradient. There are several ways to go
beyond this diffusion approximation, as for example the Pn
approximation recently proposed by Schäfer et al. [4] or the
spherical harmonic scheme [5,6]. Other authors [2,7–9]
have chosen to keep one more equation in the moment
hierarchy and to use both the radiative energy and the
radiative flux. One then needs a closure relation giving the
Eddington tensor (i.e. ratio of the pressure tensor and
radiative energy) in terms of these two variables. A possibless article under the CC BY-NC-SA license
T. Hanawa, E. Audit / Journal of Quantitative Spectroscopy & Radiative Transfer 145 (2014) 9–1610way to find this closure is to use the so-called M1 model
[2]. The M1 model gives a good approximation to the
radiation field in both optically thin and thick regions. A
shadow behind an absorber or reflector is often referred to
as an evidence. It is also useful to evaluate the interaction
of radiation with gas since often the radiative flux as well
as the energy density are required for the evaluation. Even
if the M1 model is used by several teams [10–16], little
work has been dedicated to the study of the physical
insight of this model. Indeed, the complexity and non-
linearity of the closure relation make our physical insights
and numerical analysis difficult. The goal of the present
paper is to clarify the nature of the M1 model equations
and to propose new variables which express them in a
simpler form.
This paper is organized as follows. After a short review of
the M1 model equations, we show that they can be expressed
in a simpler form if we use the enthalpy density instead of the
radiation energy density in Section 2. It is also shown in
Section 2 that the ratio of the energy flux to the enthalpy
density can be interpreted as the Newtonian bulk velocity of
the radiation. In Section 3 we show another form of the M1
model equation in which the four velocity is used instead of
the velocity. This second form is proven to be Lorentz
invariant. In Section 4 we calculate the wave pattern appear-
ing in the M1 model equations using this new formulation.
We show that transverse waves propagate at the normal
component of the bulk velocity as in relativistic hydrody-
namics. In Section 5 we discuss the Riemann problem of the
M1 model equations to show that the M1 model equations
are equivalent to the hydrodynamical equations of ultra
relativistic particles. We discuss the implications in Section
6. We often omit the source terms, i.e. absorption, emission,
and scattering in Section 2 through Section 5 in order to
simplify the discussion. The new forms of the M1 model
equations are given including the source terms in Appendix A.
We discuss the validity for omitting the source terms in the
last part of Section 5.
2. M1 model equations
In this section, we briefly recall how the M1 model is
obtained from the equation of the radiative transfer. The
latter can be written as
1
c
∂Iν
∂t
þn  ∇Iν ¼ κν;a ρ IνBνð Þþκν;s ρ Iν
1
4π
Z
Iν dΩ
 
; ð1Þ
where Iν and Bν denote respectively the radiative intensity
and the Planck function at the frequency, ν. They are
functions of the time, t, position, x, the direction of
propagation, n, and the frequency, ν. The symbols, ρ, c,
and dΩ denote the density, the speed of light, and
integration over the solid angle, respectively. In the fol-
lowing we assume for simplicity that the absorption
opacity ðκν;aÞ as well as the scattering ðκν;sÞ are isotropic
and independent of the frequency.
Taking the first two moments of this equation, we
obtain
∂E
∂t
þ∂Fi
∂xi
¼ κaρc EaT4
 
; ð2Þ∂Fj
∂t
þc2∂Pij
∂xi
¼  κaþκsð ÞρcFj; ð3Þ
where the energy density (E), the energy flux ðFiÞ and the
pressure ðPijÞ are defined as
E¼ 1
c
∬ I dΩ dν; ð4Þ
Fi ¼∬ ðn  eiÞI dΩ dν; ð5Þ
Pij ¼
1
c
∬ n  eið Þ n  ej
 
I dΩ dν; ð6Þ
where ei and ej denote the unit vectors in the i-th and j-th
directions, respectively. The symbols, T and a, denote the
temperature and the radiation energy density constant,
respectively.
System (2) and (3) can then be closed by introducing
the M1 closure relation
Pij ¼
3χ1
2
f if j
f 2
þ1χ
2
δij
 !
E ð7Þ
where
f i ¼
Fi
cE
; ð8Þ
f ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
∑
3
i ¼ 1
f 2i
s
; ð9Þ
χ ¼ 3þ4f
2
5þ2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
43f 2
q ; ð10Þ
where χ and δij denote the Eddington factor and the
Kronecker's symbol, respectively.
Eq. (7) can be derived only from the assumption that
the photon distribution function is symmetric around the
direction parallel to the energy flux. The closure itself, i.e.
Eq. (10), was first proposed by Levermore [17] in the
context of building flux limited diffusion model. He
obtained this relation by assuming that the photon dis-
tribution function is restricted to be the Lorentz transform
of a Planckian (i.e. that there exists a reference frame
where it is isotropic). The same closure relation can be
derived from the minimum entropy principle as clearly
mentioned in the monograph by Struchtrup [18]. Essen-
tially the same closure relation was obtained for phonon
gas hydrodynamics by Larecki [19] and for one dimen-
sional radiative transfer by Fort [20], although the relation
to Levermore closure was not mentioned. Dubroca and
Feugeas [2] proposed the use of the closure relation to
solve the radiative transfer in three dimension.
In addition to these two approaches, Eq. (10) can be
derived from another argument. For later convenience, and
in analogy with gas thermodynamics, we define the
enthalpy density as the sum of the energy density and
the isotropic component of the pressure:
H¼ EþP ¼ 3χ
2
E; ð11Þ
P ¼ 1χ
2
E: ð12Þ
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the gas pressure while the rest does to the ram pressure,
i.e. the momentum flux due to advection. Then the
0th moment of the radiative transfer equation can be
expressed as
∂
∂t
HPð Þþc ∂
∂xi
βiH
 ¼ κa ρc HPaT4 ; ð13Þ
where
βi ¼
Fi
cH
and we define β¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
∑
3
i ¼ 1
β2i
s
: ð14Þ
The new variable, β, was first introduced by Fort [20] for
discussion on the entropy of the radiation. It is worth
noting that one can easily switch between β and f:
f ¼ 4β
3þβ2; ð15Þ
β¼ 3f
2þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
43f 2
q : ð16Þ
Eq. (13) is rather similar to the equation of energy
conservation for hydrodynamics. If we assume, as in
hydrodynamics, that the pressure tensor has the form
Pij ¼HβiβjþPδij; ð17Þ
then, we can show, using Eq. (7), that
3χ1
2f 2
¼ 3χ
2
 1
: ð18Þ
Then, we can recover Eq. (10) by solving Eq. (18) under the
constraint, χr1. In short, Eq. (17) is equivalent to Eq. (10).
After some algebra, we obtain
E¼ 3þβ
2
4
H; ð19Þ
P ¼ 1β
2
4
H: ð20Þ
As a result the moment equations can be expressed as
∂
∂t
3þβ2
4
 !
H
" #
þc ∑
3
i ¼ 1
∂
∂xi
βiH
 ¼ κaρc 3þβ24
 !
HaT4
" #
;
ð21Þ
∂
∂t
βjH
 þc ∑3
i ¼ 1
∂
∂xi
βiβjþ
1β2
4
δij
 !
H
" #
¼  κaþκsð ÞρcβjH:
ð22Þ
Eqs. (21) and (22) are equivalent to the M1 model
equations while the Eddington factor does not appear
explicitly. They are almost identical to the hydrodynamical
equations of gas for which density and velocity are H and
β, respectively. Then Eq. (20) is the equation of state
(equation of state is simpler in the relativistic formulation
as will be shown in the next section). In light of this, the
well known weak points of the M1 model, inability to
describe crossing of two beams (see, e.g., [10]) is nothing
but the limitation due to the fluid description. Two
streams of fluid cannot cross each other.The above hydrodynamical analogy will be further
justified in the following sections.3. Relativistic form
According to our hydrodynamical analogy, the new
variable, β¼ ðβx; βy; βzÞ, seems to play the role of the bulk
velocity of the radiation in unit of c. We will give further
evidences supporting this idea in Sections 4 and 5. Let us
first consider the four momentum defined as
ut ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1β2
q ; ð23Þ
ux ¼ βxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1β2
q ; ð24Þ
uy ¼ βyﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1β2
q ; ð25Þ
uz ¼ βzﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1β2
q ; ð26Þ
by assuming implicitly that β is the velocity. By using this
four-momentum the M1 model equations can be recast as
1
c
∂
∂t
∂
∂x
∂
∂y
∂
∂z
 
utut14 uxut uyut uzut
uxut uxuxþ14 uxuy uxuz
uyut uyux uyuyþ14 uyuz
uzut uzux uzuy uzuzþ14
0
BBBBB@
1
CCCCCAH^
2
666664
3
777775¼
Gt
Gx
Gy
Gz
0
BBBB@
1
CCCCA;
ð27Þ
where
H^ ¼ ð1β2Þ H ð28Þ
denotes the Lorentz invariant enthalpy density. The source
term is expressed as
Gt
Gx
Gy
Gz
0
BBBB@
1
CCCCA¼
κaρc utut14
 
H^aT4
h i
ðκaþκsÞρc utuxH^ðκaþκsÞρc utuyH^
ðκaþκsÞρc utuzH^
8><
>:
9>=
>; ð29Þ
Note that equation (20) now reads
P ¼ H^
4
: ð30Þ
This equation is nothing but the equation of state for a
perfect gas with the constant specific heat ratio, γ ¼ 4=3.
System (27) is identical to the hydrodynamical equa-
tions for ultra relativistic fluids. They can be expressed in
the form
∂
∂xμ
Tαμ ¼ Gα; ð31Þ
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Tαβ ¼ H^uαuβþP
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0
BBB@
1
CCCA: ð32Þ
As noted in Ryu et al. [21] they are easier to solve than
those for mildly relativistic fluid, since we need not to
solve the conservation of baryon density.
This relativistic form is particularly useful when one
wants to take into account the interaction between radia-
tion and gas in motion, since H^ is the Lorentz invariant and
u¼ ðut ;ux;uy;uzÞ is the four velocity. We can then use the
relativistic form to evaluate the source term in the gas rest
frame. Remember that the Lorentz transformation of E and
F is rather complex (see, e.g., [3] for the Lorentz transfor-
mation). See Appendix A for the detailed form of the
source term.
The relativistic form provides us an interesting inequal-
ity analogous to the second law of thermodynamics. In
order to obtain the inequality, we assume tentatively that
both H^ and uμ are continuous and differentiable. We
multiply ut ¼ ðutÞ, uxð ¼ uxÞ, uyð ¼ uyÞ, and uzð ¼ uzÞ to
each component of Eq. (27) to obtain the sum of them
∂
∂xμ
uμH^
 
u
μ
4
∂H^
∂xμ
¼ uμGμ; ð33Þ
since
uμ
∂
∂t
uμutH^
 
¼ uμuμ ∂∂t utH^
 
þ utH^
2
∂
∂t
uμuμ
 
;
¼  ∂
∂t
utH^
 
; ð34Þ
and similarly
ui
∂
∂xi
uμuiH^
 
¼  ∂
∂xi
uiH^
 
: ð35Þ
Eq. (33) reduces to
1
c
∂
∂t
utH^
3=4 þ ∂
∂x
uxH^
3=4 þ ∂
∂y
uyH^
3=4 þ ∂
∂z
uzH^
3=4 
¼ H^ 1=4uμGμ: ð36Þ
Eq. (36) denotes the conservation of photon number
since H^
3=4
is proportional to the number density of photon
in case of blackbody radiation. The right hand side denotes
the change in the photon number by emission and
absorption in the Lorentz invariant form. (We remind that
the mean photon energy is proportional to H^
1=4
in the
framework of the M1 model.)
If H^ and uμ have discontinuities analogous to hydro-
dynamics, Eq. (36) changes into an inequality. We define
the left hand side of Eq. (36) as the entropy production
rate per unit volume
S  ∂
∂x μ
uμH^
3=4 
; ð37Þ
which is the Lorentz invariant. For later convenience, we
consider the frame in which the shock front is stationary.
The time derivative is finite and does not diverge in the
shock rest frame. Thus the entropy production rate isevaluated to be
S ¼ H^3=4 ∑
3
i ¼ 1
niu i
	 

δðrr0Þ; ð38Þ
where the bracket denotes the difference at the shock
front and δ denotes Dirac's delta function. The symbol, ni,
denotes the i-th component of the unit vector normal to
the shock front. Since u always converges at the shock
front, we obtain
SZ0: ð39Þ
Since our equations are Lorentz invariant, the inequality
1
c
∂
∂t
utH^
3=4 þ ∂
∂x
uxH^
3=4 þ ∂
∂y
uyH^
3=4 þ ∂
∂z
uzH^
3=4 
ZH^
1=4
uμG
μ; ð40Þ
holds in any frame.4. Eigenvalues and eigenvectors
In this section we examine plane waves of the M1
model equations using the hydrodynamical form given in
Section 2 (i.e. Eqs. (21) and (22)). Again we focus on the
hyperbolic part and omit absorption and scattering due to
the source which attenuates propagation of waves. To
compute the plane waves, it is legitimate to assume that
both H and β depend on only t and z. Then the M1 model
equations can be expressed as
∂U
∂t
þc ∂F
∂z
¼ 0; ð41Þ
where
U ¼
3þβ2x þβ2y þβ2z
4
βx
βy
βz
0
BBBBB@
1
CCCCCAH; ð42Þ
F ¼
βz
βxβz
βyβz
1β2x β2y þ3β2z
4
0
BBBBB@
1
CCCCCAH: ð43Þ
By using the new variable,
V ¼
ﬃﬃﬃﬃ
H
p
1
βx
βy
βz
0
BBBB@
1
CCCCA¼
Vt
Vx
Vy
Vz
0
BBB@
1
CCCA; ð44Þ
the state and flux vectors are expressed as
U ¼
3V2t þV2x þV2y þV2z
4
Vx
Vy
Vz
0
BBBB@
1
CCCCA; ð45Þ
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VtVz
VxVz
VyVz
V2t V2x V2y þ3V2z
4
0
BBBBB@
1
CCCCCA: ð46Þ
Thus we can rewrite Eq. (41) as
A
∂V
∂t
þcB∂V
∂z
¼ 0 ð47Þ
where
A ∂U
∂V
¼
3Vt
2
Vx
2
Vy
2
Vz
2
Vx Vt 0 0
Vy 0 Vt 0
Vz 0 0 Vt
0
BBBB@
1
CCCCA; ð48Þ
B ∂F
∂V
¼
Vz 0 0 Vt
0 Vz 0 Vx
0 0 Vz Vy
Vt
2 Vx2 
Vy
2
3Vz
2
0
BBBB@
1
CCCCA: ð49Þ
The characteristics of Eq. (47) are given by the solution of
jcBλAj ¼ 0; ð50Þ
and expressed as
λ1 ¼
2βzþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1β2Þð3β22β2z Þ
q
3β2 c; ð51Þ
λ2;3 ¼ βz c; ð52Þ
λ4 ¼
2βz
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1β2Þð3β22β2z Þ
q
3β2 c: ð53Þ
These are of course identical to those obtained by Larecki
[19] and equivalent to those obtained by Berthon et al. [22]
and Skinner and Ostriker [15] as a function of f in the
classical framework of the M1 model
λ1;4 ¼
cﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
43f 2
q μf 7 2
3
43f 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
43f 2
q 	
þ2μ2ð2 f 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
43f 2
q
Þ

1=2)
; ð54Þ
λ2;3 ¼ 3μf ð2þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
43f 2
q
Þ1; ð55Þ
where
μ¼ f  ez
f
: ð56Þ
These eigenvalues are numbered in the decreasing order, i.e.
λ1Zλ2 ¼ λ3Zλ4: ð57Þ
The right eigenvectors of system (47) are expressed as
r1;V ¼
c22βzλ1cþλ21
βxðc2λ21Þ
βyðc2λ21Þ
βzc2þ2λ1cβzλ21
2
66664
3
77775; ð58Þr2;V ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
β2xþβ2y
q
nxð1β2z Þ
nyð1β2z Þ
βz
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
β2xþβ2y
q
2
6666664
3
7777775
; ð59Þ
r3;V ¼
0
ny
nx
0
2
6664
3
7775; ð60Þ
r4;V ¼
c22βzλ4cþλ24
βxðc2λ24Þ
βyðc2λ24Þ
βzc2þ2λ4cβzλ24
2
66664
3
77775; ð61Þ
where
nx ¼
βxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
β2xþβ2y
q ; ð62Þ
ny ¼
βyﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
β2xþβ2y
q : ð63Þ
These eigenvalues and eigenvectors are identical to
those of relativistic hydrodynamical equations obtained
by Eulderink and Mellema [23] except that the entropy
wave is missing.
5. Riemann problem
In this section we discuss the Riemann problem of the
M1 model equations without the source term. Although
the equations have no physical meaning, the Riemann
solution corresponds to the first term in the short-term
asymptotic expansion for the generalized Riemann pro-
blem with sources [29]. The formal Riemann solution and
its approximation are often used to evaluate numerical
flux in the finite volume methods.
We now seek self-similar solutions of Eq. (41) which
depends only on ξ¼ z=ðctÞ. The equation to be solved is
given by
ξ∂U
∂ξ
þ∂F
∂ξ
¼ 0: ð64Þ
The solutions describe the evolution of the radiation field
initially (at t ¼ 0) uniform in the left (zo0) and right (z40).
Eq. (64) can be rewritten as
ξAþBð Þ∂V
∂ξ
¼ 0: ð65Þ
Thus we the vector V (and hence U) is constant except at
the points, ξ¼ λk (k¼ 1, 2, 3, and 4).
We first focus our attention on the central wave (i.e. λ2;3).
Using the analysis of the previous section, one can show that
across this wave both the velocity and the pressure are
continuous (L and R denote left and right states with respect
to this central discontinuity):
βz;L ¼ βz;R ; ð66Þ
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and the solution on both side of the discontinuity is then
expressed as
H; βx; βy:βz
 ¼
4PL
1β2L
; βx;L; βy;L; βz;L
 !
ξoβz;L;
4PL
1β2R
; βx;L; βy;R; βz;R
 !
ξZβz;L;
8>>><
>>>:
ð68Þ
where the tangential velocities, βx;L, βy;L, βx;R, and βy;R are
arbitrarily chosen. Note that the energy density has different
values across the discontinuity
EL ¼
3β2L
1β2L
PL; ð69Þ
ER ¼
3β2R
1β2R
PL: ð70Þ
The contact and rotational discontinuities are always degen-
erated in the M1 model as well as in hydrodynamics.
Changes at ξ¼ λ1;4 are either continuous or discontinuous
depending on the initial condition. When the change is
continuous, the corresponding eigenvalue increases from left
to right in the region of variation. When the change is
discontinuous, the corresponding eigenvalue is larger on the
left hand side than on the right hand side. This means that the
discontinuity is evolutionary as well as the hydrodynamical
shock is. The discontinuities analogous to the expansion shock
should be excluded. The shock like discontinuity produces the
physical entropy (i.e. reduces the mathematical entropy). Thus
the M1 model equations are time irreversible.
We can derive the change in the velocity and enthalpy
density using Eqs. (58) and (61). They should be
d
dξ
ln H
βx
βy
βz
0
BBBB@
1
CCCCAp
c22βzλ1;4cþλ21;4
βxλ1;4ðβzλ1;4Þc
βyλ1;4ðβzλ1;4Þc
ðβzλ1;4cÞðβzcλ1;4Þ
2
66664
3
77775 ð71Þ
Thus we have the formal solutions:
ln H¼
Z c22βzλ1;4cþλ21;4
ðβzλ1;4cÞðβzcλ1;4Þ
dβz ð72Þ
ln βx ¼
Z
λ1;4
βzλ1;4c
dβz ð73Þ
ln βy ¼
Z
λ1;4
βzλ1;4c
dβz ð74Þ
The tangential velocity changes in the rarefaction wave.
Similar equations were obtained for the case of βx ¼ βy ¼ 0
by Coulombel and Goudon [25].
We can derive an approximate Riemann solver analo-
gous to that of Roe [24], which approximates all the
changes by discontinuity (see also [23]). The characteris-
tics are expressed by the average values obtained from the
left and right states with the weight of
ﬃﬃﬃ
ρ
p
. He discovered
these mean values from the fact that both U and F are
expressed as quadrature of
ﬃﬃﬃ
ρ
p
and vi
ﬃﬃﬃ
ρ
p
. Similarly we can
define the average values since U and F are expressed as
the quadrature of V . It is beyond the scope of this paper toderive the detailed form of the approximate solution.
They should be discussed with numerical examples in a
separate paper.
Other approaches have been proposed by other authors
to build Riemann solvers for the moment model. Balsara
[26] and Lowrie and Morel [27] derived their Riemann
solvers by omitting change in the Eddington factor. Brun-
ner and Holloway [28] took account of the variation in the
Eddington factor when deriving their Riemann solver for
one-dimensional problem. However, they used a different
closure, which minimize the entropy of monochromatic
radiation. Thus all these Riemann solvers have different
forms even for a one dimensional problem. Here we
discuss the validity for omitting the source terms in the
analysis of the Riemann problem. Absorption, emission,
and scattering damp the propagation of waves. We can
generalize the Riemann problem by taking account of the
source terms as shown by Bourgeade et al. [29] for gas
hydrodynamics. The generalized Riemann solution may
improve the accuracy of numerical solutions if used in the
Riemann solver. However, only the classical Riemann
solution is used in the radiation hydrodynamics [26,27].
This is mainly because the generalized Riemann solution
requires much computational cost. It can be expressed as
an asymptotic expansion in which the lowest order term
denotes the classical Riemann solution and higher order
terms are proportional to the power of time, t. In other
words, the classical solution without the source term is a
good approximation to the generalized Riemann for a
short timescale and hence the use of it, as a step, for
numerical integration is justified.
Note that the classical Riemann solution of M1 model is
not consistent with the exact solution of the radiative
transfer, Eq. (1), even when the source terms vanish, i.e. in
vacuum. The inconstancy is due to the basic assumption of
M1 model that the pressure tensor can be specified
uniquely once the energy density and flux are given. It is
obvious that the assumption does not hold in general.
Even when it holds in the initial state, it may not hold in a
later time. Still the classical Riemann solution is useful for
numerical simulations as shown earlier.
6. Discussion
As shown in the previous sections, the M1 model
equations have a simple form when expressed in terms
of H and β instead of E and f . The ratio of the energy flux to
the energy density, f , looks as if it was the mean velocity of
the radiation but the new variable, β, denotes the bulk
velocity. This is because not the energy density but the
enthalpy density corresponds to the density in the New-
tonian hydrodynamics.
Equation of energy conservation in the M1 model
corresponds to the energy component of the energy–
momentum conservation. The M1 model does not have
an equation analogous to the mass conservation in the
Newtonian hydrodynamics. Thus the entropy wave does
not appear in the M1 model.
We have also found a relativistic formulation of the M1
model equations. It is convenient to evaluate the Doppler
effect since it is expressed in a Lorentz invariant form.
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transfer in a moving gas since we do not have to resort to
Taylor expansion which can be complicated and have a
limited domain of validity. This formulation is also
obviously very well suited to couple radiative transfer
with relativistic hydrodynamics.
As discussed in this paper, our new formulation gives
us both practical benefits to reduce computational efforts
and insights to better understand the physical nature of
the M1 model.Acknowledgments
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Appendix A. Source terms in the new formulation
We obtain the M1 model equations with the source
terms
1
c
∂
∂t
3þβ2
4
H
 !
þ ∂
∂xi
βiH
 ¼ κaρ 3þβ24 HaT4
 !
; ð75Þ
1
c
∂
∂t
βjH
 þ ∂
∂xi
βiβjþ
1β2
4
δij
 !
H
" #
¼  κaþκsð ÞρβjH; ð76Þ
by substituting Eqs. (14), (19), and (20) into Eqs. (2) and
(3). Doppler effects and aberration are not taken into
account in Eqs. (75) and (76).
We can evaluate the Doppler effects and aberration
using the Lorentz transformation. When absorption, emis-
sion, and scattering is taken into account, Eq. (31) should
read
∂
∂xμ
Tαμ ¼ Gα; ð77Þ
where Gα denotes the α-component of the source term, G,
in the rest frame. It is linked to that in the co-moving
frame, G0, by
Gt ¼ G0tum;tþG0jum;j; ð78Þ
Gi ¼ G0iþ um;jG
0j
um;tþ1
þG0t
 !
um;i; ð79Þ
where ðum;t ;um;x;um;y;um;zÞ denotes the four velocity of the
gas. The source term is expressed as
G0t ¼ κaρðE0 aT4Þ; ð80Þ
G0i ¼ ðκaþκsÞρF 0i; ð81Þ
where E0 and F 0i denote the radiation energy density and
flux in the co-moving frame, respectively. They are
expressed as
E0 ¼ H^ u0tu0t14
 
; ð82Þ
F 0i ¼ H^ u0tu0i; ð83Þu0t ¼ u0t ¼ utum;tujum;j; ð84Þ
u0i ¼ uiþ
um;juj
um;tþ1
ut
 
um;i; ð85Þ
when the scattering is isotropic in the co-moving frame.
The opacity, κa and κs, is evaluated in the co-moving frame.
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